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A Model solutions

A.1 The elder worker problem

Using the definition of financial assets, A;, an elderly individual wishes to maximise
(5) subject to (6). Their problem can be written recursively as:
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The first-order conditions with respect to consumption, labour, and financial assets are:
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Combine Equations (A.1) and (A.2) to get the intratemporal Euler equation (7) in
the text: o
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Then use (A.1) and (A.3) to get:
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By the Envelope Theorem we have:
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and then use (A.1) to write:
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Substitute this value back into (A.4) and do some simplification to yield an intertem-
poral consumption Euler equation:
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Then use (7) to get:
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which is Equation (8) in the text and where 0 = 1/(1 — p).
To get the law of motion for the MPC of the elderly, start by substituting the guessed
consumption function (11) into the intertemporal Euler equation (8):
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Then substitute the guessed consumption function (11) into the budget constraint (6)
to get an expression for the dynamics of financial assets of a retiree:
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Use this expression, and Equations (9) and (10), and substitute into (A.6), and then
rearrange to write:
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Then use (11) to write this expression as:
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which is Equation (12) in the text.
Next, guess that the value function is linear in consumption and leisure:
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where we used (7) for the second line. From the value function (5), we can then write:
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Use the expression for Cy41 from the intertemporal consumption Euler equation (A.5)
and then simplify to get:
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From (12) we can then deduce that:
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and hence we can get Equation (13).

A.2 The young worker problem

The derivation for the young worker’s problem closely follows that of the elder worker
in Section A.1. A young worker wishes to maximise (14) subject to (15):
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The first-order conditions with respect to consumption, labour, and financial assets are:
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Combine (A.10) and (A.11) to get the intratemporal Euler equation:
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which is Equation (16) in the text.
Then use (A.10) and (A.12) to write:
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The envelope conditions are:
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Combining the above envelope conditions with (A.10) and (A.12) yields the following:
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Then, based on (A.8), (7), and (16), conjecture that the value functions are linear in
consumption and leisure:
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and then make the appropriate substitutions and simplify to obtain an expression for
the intertemporal Euler equation:
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where the adjustment term, €, is defined as:
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Use the conjectured consumption functions, (11) and (22), and substitute these into
the consumption Euler equation. Note that we use the fact that an elderly worker born

in period j, who just retired at the start of period t, has the following consumption
function:
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After algebraic rearranging we can write the consumption Euler equation as:

(j) +S..()
Ay . t+1 t+1
Wt+1 t(]) R; /i1
A€ Gt +1D)+SE,Gt+1)) (1)
(1 t_+l = (Ay ) 4+ t+1 t+1 )(_)
(1 - wis1) (Atyﬂ) t+1 | A7 (/) Ri/mi1 Gt

gy R ' . . R o-1
5m(f1 1gn+Hﬂ»+$wﬂ(Ei)

p(1-v) o
wt
Q p
Flde (wt+1) ]

where E; = &7/ Ety. Using the definition of (); we can simplify the above expression as:
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straint, (15), and the guessed consumptlon function of a young worker, (22), to write:
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Then use the definitions for the present values of a young worker’s non-financial assets
and social security, (20) and (21), to write the above expression as:
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which is the law of motion of assets for a young worker. Substitute this expression into
the intertemporal Euler equation, (A.14), to then get the MPC of young workers:
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Then check the validity of the value function, (17), by writing:
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Combine this expression with the intertemporal Euler equation, (A.13), to yield:
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This expression, as in the case of elderly workers, implies that:
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B Equilibrium conditions

The competitive equilibrium is a sequence of 14 aggregate quantities {Y;, Cy, I;, K¢, L,
DtI, DtK, Hy, At, Bi, G, Et, Ti}; nine prices {w;, rf, PtI, PtK, @1, Ry, 14, Rf, Q+}; nine
adjustment factors {n;, yi, w, I't, W4, ct, B, Q4, 0+ }; seven variables for elderly workers
{&,C;, AL, S;, LY, HY, E{}; and seven variables for young workers (&, CE/, Aty, Sty, Lty,
H g/ , Tty }. We specify the equilibrium conditions below.

Additionally, as the model features trend technology and population growth, we
detrend endogenous variables as follows. The variables Y, C, I, K, P!, pK DI DK H,

A, B, G, E,and T are detrended by XN; L by N; and w by X.
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Elder worker capitalised human wealth:
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Marginal cost:
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Aggregate pension payments to elderly:
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with the net replacement rate:
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C Model steady state

In this appendix we analytically solve for the model deterministic steady state. Steady
state values of a variable, say X;, are denoted as simply X.

Absent of trend inflation, we have m = Q = Z = 1. Through individual Euler
equations, R = =1 = R, This yields r*:
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One can then get k using (C2) and (C1)
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With k at hand, one can get y, [, ¢, and i given the ratios outlined above.
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With e = e®, get s° from (B7)
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D Additional simulation results

Figure 1: Simulation 1 extension (revision of population forecast)
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Note: Figure plots response of variables as n transitions from 0.0011 to —0.0014 and y transitions from
0.9815 to 9891 based on initial population forecasts (blue). The red dashed line represents the transition
path as agents learn that their initial population forecasts were overly pessimistic in 2019-Q1, and that n
transitions to —0.0011 at the end of the forecast horizon. The interest rate is expressed in net annualised
percentage points.

Simulation 1 extension (positive news about population forecast). In this exten-
sion to Simulation 1, we suppose that agents receive positive news about future demo-
graphics. For instance, the 2006 release of Japan’s IPSS projections for household de-
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mographics' was overly pessimistic. Figure 1 shows the transition path of key model
variables where agents learn in 2019-Q1 that the demographic decline is not as severe
as they previously thought. Life expectancy and the retirement age does not change
however, in line with Simulation 1 in the main text. The positive news about the pop-
ulation growth rate leads to a decline in financial assets, the elder-young MPC ratio,
and the elder-young financial assets ratio as the ratio of elderly-young workers is lower
than the baseline Simulation 1 scenario. As such, with less supply of financial assets,
there is upward pressure in the real interest rate after a brief period of adjustment in
2019-Q1 in which agents receive the good news shock. But the higher real interest rate
and lower capital lead to slightly lower output per capita, as well as a lower real wage
since the marginal product is lower too.

IThe report can be found at: https://www.ipss.go.jp/site-ad/index_english/population-e.h
tml.
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